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ABSTRACT
With a sample of 48,161 K giant stars selected from the LAMOST DR 2 catalogue, we
construct torus models in a large volume extending, for the first time, from the solar
vicinity to a Galactocentric distance of ∼ 20 kpc, reaching the outskirts of the Galactic
disc. We show that the kinematics of the K giant stars match conventional models,
e.g. as created by Binney in 2012, in the Solar vicinity. However such two-disc models
fail if they are extended to the outer regions, even if an additional disc component is
utilised. If we loosen constraints in the Sun’s vicinity, we find that an effective thick
disc model could explain the anti-centre of the MW. The LAMOST data imply that
the sizes of the Galactic discs are much larger, and that the outer disc is much thicker,
than previously thought, or alternatively that the outer structure is not a conventional
disc at all. However, the velocity dispersion σ0z of the kinematically thick disc in the
best-fitting model is about 80 km s−1 and has a scale parameter Rσ for an exponential
distribution function of ∼ 19 kpc. Such a height σ0z is strongly rejected by current
measurements in the solar neighbourhood, and thus a model beyond quasi-thermal,
two or three thin or thick discs is required.
Key words: Galaxy: structure - Galaxy: kinematics and dynamics - Galaxy: disc -
galaxies: kinematics and dynamics
1 INTRODUCTION
It is of great importance to construct dynamical models
for the Milky Way (MW) to help us understand the struc-
ture and formation of the MW and by implication other
spiral galaxies. Compared with such galaxies, the MW has
the most extensive observational data. Many stellar kine-
matic surveys with different magnitude limitations and dif-
ferent observing directions have been carried out, such
as the Bulge Radial Velocity Assay (BRAVA, Rich et al.
2007; Kunder et al. 2012), the Abundances and Radial ve-
locity Galactic Origins Survey (ARGOS, Freeman et al.
2013), the Apache Point Observatory Galactic Evolu-
tion Experiment (APOGEE, Allende Prieto et al. 2008;
Majewski et al. 2013), SDSS (York et al. 2000), the Geneva-
Copenhagen Survey (GCS, Nordstro¨m et al. 2004), RAdial
Velocity Experiment (RAVE, Steinmetz et al. 2006), the
LAMOST Experiment for Galactic Understanding and Ex-
⋆ E-mail:qwang@nao.cas.cn
ploration (LEGUE, Deng et al. 2012), the Global Explo-
ration Strategy (GES, Gilmore et al. 2012) and the GALac-
tic Archeology with Hermes survey (GALAH, De Silva et al.
2015) etc.
Several methods have been applied to construct dynam-
ical models of the MW. Firstly, Jeans modelling is based
on velocity moments of the Jeans equation and connects
density, potential and kinematics (Jeans 1915, 1919). For
example, Xue et al. (2008, 2015), Kafle et al. (2014) and
Huang et al. (2016) employed Jeans models to estimate the
mass of the MW using SDSS data. Secondly, Schwarzschild’s
orbit-superposition technique (Schwarzschild 1979) relies
on replacing the distribution function by a combination of
orbit weights and representative orbits. Wang et al. (2012,
2013) have constructed Schwarzschild models of the Galac-
tic bar using BRAVA data. Thirdly, the Made-to-Measure
(M2M) method which is particle based (Syer & Tremaine
1996) finds the best fit to observations by modifying its par-
ticle weights to match the input density and kinematic ob-
c© 2016 The Authors
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servables. M2M models of the MW have been constructed by
Long et al. (2013) (bar) and Portail et al. (2015) (bulge).
More recently, there has been an increasing interest
in torus and action-based distribution function methods
for modelling the Milky Way (Sanders & Binney 2016).
In these methods, stellar distribution functions are con-
structed from Hamiltonian mechanics action variables (see
Binney & Tremaine 2008). One of the action methods is re-
ferred to as torus modelling (McMillan & Binney 2008).
It replaces the orbits in Schwarzschild method by tori and
constructs torus libraries. There are other methods. For ex-
ample, Binney (2012) connected data from the Geneva-
Copenhagen survey of the solar neighbourhood to dis-
tribution functions by the Sta¨ckel fudge method (Bovy
2015; Sanders & Binney 2015), and showed in Binney et al.
(2014) that their results are consistent with those from the
RAVE survey. Their findings also suggest that data extend-
ing significantly beyond the solar radius (as our LAMOST
data do) are needed in order to better constrain their mod-
els.
Piffl et al. (2014) and Binney & Piffl (2015) extended
earlier modelling and developed the DF of the halo, con-
straining its parameters by using the RAVE survey and
SDSS data within ∼ 2.5 kpc around the Sun. The LAM-
OST survey has observed a few millions of stars along the
Galactic anti-centre direction. This allows us to study the
outer disc with many more stars than in previous surveys.
In particular, given a limiting magnitude of r=17.8 mag,
LAMOST K giant stars can reach as far as 90 kpc from the
Galactic centre (Liu et al. 2014). The LAMOST sample is
thus the best data currently available for the study of the
stellar distribution function of the Galactic disc which may
extend to about 20 kpc from the Galactic centre.
In this paper, we will construct torus models of the MW
using LAMOST data. Our aims are two-fold :
(i) to corroborate or otherwise with LAMOST data re-
sults from earlier torus models;
(ii) to examine whether and how LAMOST data can be
used to constrain better the structure of the MW disc.
The paper is structured as follows. Section 2 describes
the LAMOST data. In section 3, we discuss torus mod-
elling, and the algorithms and parameters we use. Results
are shown in section 4 and are discussed in section 5.
2 DATA SAMPLE
The Large Area Multi-object Spectroscopic Telescope
(LAMOST; also called the Guoshoujing telescope) is a 4-
metre reflective Schmidt telescope with a 5-degree field-of-
view. 4000 fibres are configured on the wide focal plane,
allowing one to observe a few thousands objects simulta-
neously (Cui et al. 2012; Zhao et al. 2012). The LAMOST
MW survey targets a few millions of stars with a limit-
ing magnitude of r=17.8 mag. It covers most of the sky
from dec=−10◦ to 60◦ (Deng et al. 2012). Due to the posi-
tion of the site, during winter, it can efficiently observe the
Galactic anti-centre (Yao et al. 2012). Liu et al. (2014) suc-
cessfully identified 280,000 K giant stars in the DR1 data.
This was later extended to about 450,000 in the DR2 data
(Ho et al. 2016). Meanwhile, Carlin et al. (2015) improved
Table 1. The sky area divided into blocks. There are 26 blocks in
total. The first 16 blocks cover the solar neighbourhood. Blocks
17-24 cover 20◦×20◦ at the anti-centre of the MW out to 12 kpc.
The number of K giants is given in the last column of the table.
longitude range latitude range distance counts
(deg) (deg) (kpc)
01 (160, 170) (-20, -10) [0, 2] 2340
02 (160, 170) (-10, 0) [0, 2] 3922
03 (160, 170) (0, 10) [0, 2] 2778
04 (160, 170) (10, 20) [0, 2] 838
05 (170, 180) (-20, -10) [0, 2] 1749
06 (170, 180) (-10, 0) [0, 2] 3434
07 (170, 180) (0, 10) [0, 2] 4730
08 (170, 180) (10, 20) [0, 2] 1293
09 (180, 190) (-20, -10) [0, 2] 385
10 (180, 190) (-10, 0) [0, 2] 3251
11 (180, 190) (0, 10) [0, 2] 4630
12 (180, 190) (10, 20) [0, 2] 1811
13 (190, 200) (-20, -10) [0, 2] 860
14 (190, 200) (-10, 0) [0, 2] 2323
15 (190, 200) (0, 10) [0, 2] 2732
16 (190, 200) (10, 20) [0, 2] 1667
17 (170, 180) (-10, 0) [2, 3] 831
18 (170, 180) ( 0, 10) [2, 3] 1212
19 (180, 190) (-10, 0) [2, 3] 446
20 (180, 190) (0, 10) [2, 3] 1200
21 (170, 190) (-10, 10) [3, 4] 2114
22 (170, 190) (-10, 10) [4, 5] 1272
23 (170, 190) (-10, 10) [5, 7] 1184
24 (170, 190) (-10, 10) [7, 12] 669
25 (0, 360) (80, 90) [0, 1.5] 270
26 (0, 360) (80, 90) [1.5, 3] 430
the distance estimation for all stars with stellar parameters,
including K giant stars, to an accuracy of about 20% (see
the appendix). K giants were chosen as they are bright and
detectable at distances far from the Sun. In addition, K gi-
ants are present in multiple stellar populations and contain
information on different ages and chemistries.
The selection effect in the LAMOST survey is rather
simple (Liu et al. 2017a). The targeting selection strategy
mostly depends on the apparent magnitude rather than the
color index. Therefore, it would not introduce any bias in
kinematics. Moreover, although the initial target selection
may be slightly altered by the observations and data re-
duction, only the very blue or red objects, which may have
extremely low signal-to-noise ratio at one end of the spec-
tra (blue end for red objects and vice versa), are possibly
dropped by these processes. For the K giant stars used in this
work, because their signal-to-noise ratios are quite balanced
throughout the whole wavelength coverage, they should not
be significantly affected by any systematic bias during obser-
vations and data processing. Therefore, the sample should
not have substantial systematic bias in the color index. Con-
sequently, there should be no systematic bias in ages or
metallicities, since they are mainly associated with color in-
dex.
The kinematics of the stellar disc towards the anti-
centre are studied in this work. Fig. 1 shows the footprint of
MNRAS 000, 1–11 (2016)
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Figure 1. The footprint of the LAMOST survey showing the sky blocks in this work (see Table 1). The labels denote the identifier of
the block and the number of stars in the block (after the #). Blocks 01 - 16 occupy the nearest 2 kpc subdivision from the Sun, and each
block covers 10 × 10 deg2 sky area. Blocks 17, 18, 19, and 20 cover the same directions as 06, 07, 10, and 11 respectively, but cover the
depth of 2 ∼ 3 kpc. Blocks 21, 22 ,23 and 24 cover 20 × 20 deg2 of sky area of the Galactic anti-centre from 3 ∼ 12 kpc and the blue
box is the area covered by blocks 21, 22, 23 and 24. The gray points represent the K giants located within 2 kpc in the survey.
the survey around the Galactic longitude l ∼ 180◦. Sixteen
10◦ × 10◦ sky blocks are distributed around the anti-centre
direction, and are numbered from 01 to 16. Most contain a
few thousand stars, except for blocks 04, 09, 13. In the area
covered by 06, 07, 10, 11, 4 other blocks cover the radial dis-
tance from 2 kpc to 3 kpc. They are labelled as 17, 18, 19,
20. Two blocks, 21 and 22, cover the even larger distances of
3-4 kpc and 4-5 kpc, respectively. Block 23 covers 5-7 kpc,
and block 24 covers 7-12 kpc. The information is summa-
rized in Table 1. The total number of selected K giants in
the anti-centre direction is 47,461. In addition, we use blocks
25 and 26 with 700 K giant stars to cover the north Galactic
pole to 3 kpc so that the kinematics in the vertical direction
may be well detected. The K giants data sample includes
sky positions, distances from the Sun, radial velocities and
chemical information for all stars.
MNRAS 000, 1–11 (2016)
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Figure 2. The cumulative distribution of K giants as a function
of distance from the Sun. 20% of stars are outside of ∼2 kpc.
3 TORUS MODEL & GALACTIC MODEL
We make no extensions to torus modelling theory nor to the
Torus Mapper software. A fuller account of both may be
found in Binney & McMillan (2016) and Sanders & Binney
(2016).
3.1 Action-angle variables
In a static or quasi-static axisymmetric conservative poten-
tial, in addition to the total energy E and the z component
of the angle momentum Lz, a third integral I3 exists for reg-
ular stellar orbits. Since an orbit trajectory projected onto
the meridional plane {R, z} oscillates about a circular ra-
dius, the actions JR and Jz in phase space {q,p},
Ji =
1
2pi
∮
γi
p · dq, (1)
replace E and I3 with the third action being Jφ = Lz
(Arnold 1997; Sanders & Binney 2016). Phase space is now
described by the angle action variables {θ,J} rather than
{q,p}. The Hamiltonian H does not depend on the angles
θ and so H ≡ H(J). The equations of motion of the stars
are given by
J˙ = 0, θ˙(t) =
∂H
∂J
= ω(J). (2)
It is clear that the angle variables θ(t) can be written as
θ(t) = θ(0) + ωt. (3)
Orbits in such a system can be expanded in complex variable
terms as
x(θ,J) =
∑
k
Xk(J) exp(ik · θ), (4)
where the sum is over all vectors k with integer components.
Combining equation (4) with equation (3), we find that the
spatial coordinates are Fourier series in time, in which every
frequency is the linear combination of three fundamental
frequencies. In six-dimensional space, an orbit moves only
in the three θ directions, over a surface being topologically
equivalent to a three-dimensional torus (3-torus) with the
actions J serving to label the orbits.
Only for few specific potentials, such as the Sta¨ckel
and isochrone potentials, can we find the analytic formula
for actions in all canonical coordinates. In order to de-
scribe the complicated mass model of our Galaxy, a proce-
dure based on canonical transformations is developed for a
general potential (McGill & Binney 1990; Binney & Kumar
1993). Firstly, a well-understood potential is employed as a
reference (toy potential), to connect a point from the con-
figuration velocity space {x,v} to action-angle coordinates
{θT ,JT }, where the superscript T represents toy. Then all
we need to find is a relationship to connect the general po-
tential to the toy potential. Since a canonical transformation
keeps the topological structure, all we need is to find a gen-
erating function for the canonical transformation. Such a
function is
S(θT ,J) = θT · J − i
∑
n6=0
Sn(J)e
inθT , (5)
in which the series of unknown terms Sn (McGill & Binney
1990) is to be determined. Note that Sn are constants for a
given J . When we gain the approximation of this generating
function, JT can be simply obtained by the equation JT =
∇θT S(θ
T ,J). In this way, it is possible to map a point from
{θ,J} through {θT ,JT }, then to the configuration space
{x,v}. The key point is to compute the coefficients of Sn.
Instead of direct computation, a fitting method can estimate
the Sn by minimizing the error in the Hamilton resulting
from the Sn (McGill & Binney 1990; Kaasalainen & Binney
1994).
Such a procedure is complicated. In this work,
we use a public package of routines Torus Mapper
(Binney & McMillan 2016) to map points from action-angle
space to our more usual coordinates (see Section 4).
3.2 Mass model and distribution function
In this work, we assume that the Milky Way is ax-
isymmetrical with a gas disc, two stellar discs, and a
spheroidal halo and bulge. The density of discs is written
as (Dehnen & Binney 1998)
ρd(R, z) =
Σd
2zd
exp
(
−
R
Rd
−
|z|
zd
−
Rh
R
)
(6)
where Rd is the scale length, zd is the scale height, and Σd
is the central surface density. The parameter Rh describes a
central depression, and is set to be non-zero for the gas disc,
and zero for the stellar discs. The spheroidal components
have the form
ρs(R, z) =
ρ0
mγ(1 +m)β−γ
exp
[
−
(
r0m
rcut
)2]
(7)
where
m(R, z) =
√(
R
r0
)2
+
(
z
qr0
)2
, (8)
and ρ0 is the central density, r0 is a scale radius and the
parameter q is the axial ratio of the isodensity surfaces. The
parameters γ and β are the slopes for the inner and outer
density profiles respectively, and rcut is the cutoff radius.
Most of our Milky Way models consist of a gas disc, two
stellar discs, a halo and a bulge, except for M11b and M11c
(See Table 3). It is clear that the potential of each disc com-
ponent has 4 parameters, while each spheroidal component
MNRAS 000, 1–11 (2016)
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has 5 parameters (ρ0, γ, β, r0, rcut). Therefore, we have 22
parameters in total for one MW density model. The main
parameters are listed in Table 3.
Following Binney (2012), the distribution function of
each single stellar disc can be assumed to be
f(JR, Jz, Lz) =
ΩΣν
2pi2σ2rσ2zκ
exp
(
−
κJR
σ2r
−
νJz
σ2z
)
T
[
Lz
L0
]
,
(9)
where Ω, κ, and ν are the circular, radial, and vertical epicy-
cle frequencies respectively. Σ is the radial surface density
profile. T [Lz/L0] is a function of [1 + tanh (Lz/L0)], with
characteristic angular momentum L0. All of them are func-
tions of Lz. In this work, the total distribution function of
actions is a combination of the thin and thick discs, their
ratio is a free parameter with a default value of 0.7.
The surface density of a disc is an exponential function
Σ(Lz) = Σ0 exp
(
−
Rc
Rd
)
, (10)
where radius Rc is derived by assuming a circular orbit with
angular momentum Lz. Given the radius of the Solar circle
R0, the vertical and radial velocity dispersions are controlled
by the scale parameter Rσ
σr = σr0 exp
(
R0 −Rc
Rσ
)
, σz = σz0 exp
(
R0 −Rc
Rσ
)
. (11)
The distribution function of a single disc is controlled
by 4 parameters σr0, σz0, Rd, and Rσ. The L0 truncation
scale parameter is fixed at the Torus Mapper value of 9780
kpc km s−1(Binney & McMillan 2016). An extra parameter
is needed to adjust the ratio of the thick to thin discs. In
total we have 9 free parameters to control the DF of our two
component stellar disc system.
We build two sets of parameters for the motion of the
Sun. Group 1 has R0 = 8.0 kpc, Vc = 220 km s
−1, and a
Solar motion of (9.58, 10.52, 7.01) km s−1 with respect to
the local standard of rest (LSR), as described in Tian et al.
(2015). Group 2 has R0 = 8.5 kpc, Vc = 244.5 km s
−1, and
(11.1, 12.24, 7.25) km s−1 (Scho¨nrich et al. 2010; Piffl et al.
2014).
3.3 Top level modelling process
There are over 30 parameters in our models. This high num-
ber means that it is too expensive computationally to di-
rectly constrain all of these parameters simultaneously, even
if an MCMC framework is used. As a consequence, we con-
sider the parameters in two groups, those parameters af-
fecting the mass models and those affecting the DFs. Our
modelling procedure to find the best-fitting models and pa-
rameters matching our data is a two step procedure using
these two groups. We assess the fit of our models to the data
using a least χ2 approach (see below).
In the first step of our procedure, mass models are ex-
amined with fixed DF parameters. Because of the number
of mass parameters, 36 mass models are adopted to cover
the parameter space. Given an initial set of DF parameters,
a best-fitting mass model is found. For the second step, we
then adjust the DF parameters one by one based on the
current best-fitting mass model. If the new DF parameters
support a different mass model (having a smaller χ2 value),
then this mass model is set as the new reference. We iterate
the two-step process until we find the best-fitting parameters
for both the mass and DF parts of our model.
The definition of χ2 we use for a single data block is
χ2 =
∑
n
(pdatan − p
th
n )
2
σ2n
, (12)
where pdatan is the line-of-sight velocity distribution with
Poisson noise σn constructed from our LAMOST data, and
pthn is the model prediction. The overall χ
2 value for model
comparison purposes is simply the sum of the individual
block χ2 values. For each block, we compare the model with
the data at 40 points. For our 26 data blocks, the total num-
ber of points is n = 26×40, and the degrees of freedom value
(d.o.f) is n− 32 = 1008. We ignore any correlation between
blocks.
Our data line-of-sight velocity distribution for a block
is formed by binning the K giant radial velocity values to
give a data distribution histogram. The model line-of-sight
velocity distribution is formed using Torus Mapper to create
a set of model K giants which are then binned by velocity
to give the model distribution histogram.
Torus Mapper (TM, Binney & McMillan 2016) is an
object-oriented C++ toolkit, which provides a user-friendly
interface for generating tori. We use its AutoFit routine to
build torus libraries. For each model, a Monte Carlo Markov
Chain (MCMC) sampler generates over 2 million points in
action space, using our DF parameters and the parameters
of our mass model. Every point is taken to represent a model
K giant. Next we use FullMap to map the stars from action
angle variables to configuration space, and the line-of-sight
velocity distribution is constructed from the model stars as
above. We have tried modelling with more than 2 million
points and rarely find that the modelling accuracy improves,
only that modelling becomes more time-consuming. As a
guideline, a single, typical model costs roughly 20 cpu hours
to produce.
4 RESULTS
4.1 Consistent results in the solar vicinity
Our current observations provide a constraint for the solar
neighbourhood. We check whether our LAMOST data are
consistent with the conventional understanding of the solar
vicinity, e.g. as in Binney (2012) from which we use its first
potential and corresponding DF parameters as a reference
model. Density parameters are listed in Table 3 and DF
parameters can be found found in the first row of Table 2.
In what follows, this group of parameter is referred to as
B12. It is apparent that LAMOST data are consistent with
the B12 model for the nearby blocks 1-16 and 25-26. All of
these blocks are located within ∼ 2 kpc. This demonstrates
that the LAMOST data are consistent with the previous
best understanding of kinematics in the solar vicinity. Note
that we cannot completely follow the original B12 model
due to limitations in the public interface of TM. The DF
of B12 can be a superposition of multiple quasi-isothermal
components, but we only use fixed thin/thick components
because of the TM software interface. We have compared
MNRAS 000, 1–11 (2016)
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Figure 3. Rotation curves for the 3 main mass models. M11b
(black solid curve) is the potential of the best-fitting model, and
the reference potentials are B12 II (green dot-dashed curve) and
B12 I (blue dotted curve).
DFs from our procedure and B12, and the amplitude and
trends are consistent with each other.
We illustrate the data l.o.s velocity distribution and our
fiducial model. Fig. 4 shows that the velocity distributions
of block 01 − 16 are well matched with the models. The
results for blocks 17 − 24, plotted in Fig. 5, correspond to
more distant sky regions. The results for blocks 25 and 26,
plotted in Fig. 6, correspond to the northern Galactic pole.
Since B12 is constrained only by data within ∼ 2 kpc,
e.g. GCS, we found that the natural extension of B12 be-
yond the solar vicinity cannot match the data in the outer
region. As shown in Fig. 5, B12 predicts a relatively small
velocity dispersion and the deviation increases as the radius
increases. In the next section, we change our parameters to
seek a more general model to explain the outer region.
4.2 The hot outer disc
In order to find our best-fitting model, we experiment with
parameters for density and DF across a wide range. Given
the thin/thick decomposition, we show the χ2 values for dif-
ferent models. We start with an initial set of DF parameters
based on Binney (2012) and Piffl et al. (2014). We change
iteratively the parameters and find our fiducial DF parame-
ters, those which give the least χ2 values within 10% uncer-
tainty of the current best-fitting model. The DF parameters
are listed in the first row of Table 2. Our best-fitting DF
parameters are listed in Table 2 and labelled as ‘fid’ and
with χ2 = 2.08. This model does describe the hot disc and
behaves much better than B12 in the outer disc. However,
the velocity dispersion σz0 of the thick disc is ∼ 80 km s
−1
and the scale length for velocity dispersion Rσ is close to 20
kpc. This suggests the existence of a hot, extended thick
disc reaching much beyond the solar neighborhood. The
Rσ parameter is usually set to be twice the scale length
(van der Kruit & Searle 1981; Lewis & Freeman 1989). In
this work, we set it to be free. Liu et al. (2017a) found from
the radial stellar surface density profile measured with the
LAMOST giant stars that the outer disc also extends as far
as 19 kpc in Galactocentric radius. This could be associated
with the large Rσ suggested by the best-fitting model.
Furthermore, we examine the effect with the DF param-
eters. Around the fiducial parameters, the scale length Rd
and dispersion Rσ, velocity dispersion σ(r,z) and the ratio
between the two discs are considered. We estimate χ2 for
four block ranges. The first range consists of block {01−16}
and roughly corresponds to the range of RAVE data. Its χ2
value is referred to as χ2inner. For the middle blocks, χ
2
middle is
for blocks {17− 20}, and χ2outer is for blocks {23, 24}, which
cover the outer region of the MW. To verify the robustness
of our best-fitting parameters as a fiducial model, ten mod-
els are created around the best-fitting point in parameter
space. We find that χ2 increases quickly when σz0 decreases
to ∼ 70 km s−1 (model 3 in Table 2). Thus the fiducial
model appears to be robust.
Given the fiducial DF parameters (first row in Ta-
ble 2), we examine 36 mass models of the MW. The
notations of P14, B12I, B12II and BT08 represent the
parameters from Piffl et al. (2014), Binney (2012) and
Binney & Tremaine (2008), respectively. M11b denotes
the best model and M11c denotes the convenient model
from McMillan (2011). The other mass models are from
Dehnen & Binney (1998). The results are listed in Table 3.
The solid curve in the DF Figure is the best-fitting model.
Any deviations become more apparent in Figs. 5 and 6.
The χ2 values of the Group 2 models are in general
smaller than Group 1. This implies that the solar motion or
position in Group 1 may have been systematically under-
estimated. In what follows, we only show the results for
Group 2.
Besides the DF parameters, the mass models also favour
a large disc. The mass models with larger Rd, such as 40,
2b, 2d and 4d et c., tend to have smaller χ2 values. More
sophisticated mass models will be considered in a future
work.
4.3 Tension between the models and data
From the analysis in the last section, our fiducial parameters
can roughly match the DF, but the two wings of the l.o.s
velocity DF in blocks 25 and 26 do not show the charac-
teristics of halo stars (See Fig. 5). On the other hand, B12
can explain the RAVE data at the Galactic pole better than
our model (see Fig. 6). Our preferred model gives a larger
velocity dispersion than the block 25 data. However, we can-
not find a model to match both sides under the assumption
of a two component decomposition. An improvement in the
theory is required. The simplest way is to add an extra com-
ponent for the outer region beyond the solar vicinity.
Since the scale radius and velocity dispersion of the
thick disc are both larger than the thin disc, the long thick
disc is more like an envelope of the short, thin disc in the
MW outskirts. Thus we add the third disc based around
the fiducial parameters, e.g. σz ∼ 80 kms
−1. Around these
initial parameters, we run several dozens of models to find
a ‘better’ model. We find that some models can fit (with
χ2 6 2) the outer data, at about (15, 20) kpc, but fit poorly
(χ2 > 4) the intermediate region about (12, 15) kpc and
vice versa. Because we control the mass fraction of the third
component to below 0.3 to hold a relatively small σz in the
Solar vicinity, the intermediate region is not dominated by
the third disc and it only has a significant effect in the out-
ermost region.
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Table 2. χ2 for the best-fitting parameters of the distribution functions. The fiducial parameters of the DF are labeled by fid. The
row of B12 corresponds to the parameters in Binney (2012). The rows labelled from 1− 10 are the models around the second row (fid,
M11b) . χ2inner is estimated by the first 16 blocks in the Solar neighbourhood, χ
2
middle by (17-20), χ
2
outer by (23, 24), χ
2
Pole by (25, 26)
and χ2Total is estimated by all of 26 blocks (the blocks are defined in Table 1).
Thin Thick ratio χ2/d.o.f
( σr0 σz0 Rd Rσ ) ( σr0 σz0 Rd Rσ ) ( anti-centre Pole Total )
km s−1 km s−1 kpc kpc km s−1 km s−1 kpc kpc inner middle outer
B12 40.1 25.6 2.58 8.93 25.8 45.0 2.11 4.04 0.772 3.01 4.28 32.1 1.13 4.50
fid 29.0 42.9 2.41 10.8 50.6 79.3 4.07 19.3 0.67 2.27 2.53 2.38 1.85 2.08
1 26.1 42.9 2.41 10.8 45.5 79.3 4.07 19.3 0.67 2.67 3.54 4.85 2.26 2.61
2 31.9 42.9 2.41 10.8 55.7 79.3 4.07 19.3 0.67 3.35 2.42 5.04 3.77 2.94
3 29.0 38.6 2.41 10.8 50.6 71.4 4.07 19.3 0.67 2.37 2.42 6.18 3.43 2.38
4 29.0 47.2 2.41 10.8 50.6 87.2 4.07 19.3 0.67 2.32 2.50 5.36 2.17 2.25
5 29.0 42.9 2.17 10.8 50.6 79.3 3.66 19.3 0.67 2.52 2.56 3.62 3.64 2.37
6 29.0 42.9 2.65 10.8 50.6 79.3 4.48 19.3 0.67 2.39 2.89 2.91 2.58 2.26
7 29.0 42.9 2.41 9.72 50.6 79.3 4.07 17.4 0.67 2.21 2.88 2.81 2.50 2.15
8 29.0 42.9 2.41 11.9 50.6 79.3 4.07 21.2 0.67 2.47 2.82 4.34 3.34 2.39
9 29.0 42.9 2.41 10.8 50.6 79.3 4.07 19.3 0.60 2.27 2.81 4.16 3.43 2.28
10 29.0 42.9 2.41 10.8 50.6 79.3 4.07 19.3 0.74 2.39 2.37 5.96 2.42 2.32
The thin/thick disc decomposition is well known for the
solar vicinity, but the parameters and cause of the thick disc
(geometrical, kinematical, and chemical and so on) are un-
clear. A straightforward idea is that the thick disc is formed
from the heating of old stars while young stars are in the
thin disc. Therefore the geometrically-thick disc should cor-
respond to the old population. Current observations indicate
that there is a radial age gradient (Martig et al. 2016), cor-
responding to a complex kinematic structure. However, for
discs, a possible flaring structure can also exist in the disc
outskirts (Bovy & Rix 2013; Bovy et al. 2016).
The number of K giants in this work is insufficient to
tell which kinds of structures are required. The previous
thin/thick decomposition is however rejected as are the mod-
ified (our fiducial) 2-disc model, and the 3-disc model. If we
introduce more components with different scale lengths and
velocity dispersions, perhaps a solution for the whole region
can be developed, but it would require a complex form of
DF. In summary, our current torus model still needs to be
developed further theoretically.
5 DISCUSSION AND SUMMARY
We have successfully met our aims as set out in the Intro-
duction. Our results corroborate earlier results and we have
produced a model for the Milky Way’s outer disc.
It is the first time the torus approach has been applied
to the LAMOST survey. The torus mapper package TM
(Binney & McMillan 2016) has been employed to construct
our torus models for different density models with different
DF parameters. The data are well matched by the model
with the mass model of M11b and by our fiducial DF param-
eters (the first row in Table 2), except for the Solar neigh-
borhood. We are forced to have a thick disc that is much
more extended and thicker than previously thought. If such
a component exists, more careful analyses of age and metal-
licity information should yield more solid evidence. Given
the quasi-thermal disc assumption, there must be a sharp
transition of the thin/thick model from the solar vicinity to
the outer region. We also test whether a simple additional
disc can match the data. The answer is in the negative,
which suggests that a more complex DF is needed to ac-
commodate the outer l.o.s velocity distribution as revealed
by the LAMOST K giant data.
The advantage of LAMOST data is its range, which al-
lows us to study the stellar distribution over 2 kpc. It has
helped to rule out some mass models, such as mass model
numbers 10 or 20 (see Table 3). However the tangential ve-
locities of those distant stars are unconstrained. It is still
insufficient to completely break the degeneracy between in-
dividual components or parameters within the mass models.
Meanwhile, the information on age and metallicity needs to
be taken into account in future models.
Although the spatial distribution of stars in block 9 is
extremely inhomogeneous, it does not introduce any appar-
ent bias in the DF. The non-uniformity of spatial distribu-
tion in a block is not a serious problem in our work. There
are differences in many blocks, such as blocks 07, 08, 15, 18
and 20. The reasons may be complex. It could imply some
distortion of the MW disc, but our theory is based on a sym-
metric potential and simple DF model. Sub-structures and
bulk motion can also change the shape of the l.o.s velocity
DF.
Finally, the axisymmetry assumption in the torus model
may be over-simplified. In fact, many observations indicate
that neither the disc star counts nor the disc stellar kine-
matics are axisymmetric. Widrow et al. (2012) and Xu et al.
(2015) claimed that the stellar density of the disc shows
quite complicated vertical oscillations in the solar neigh-
borhood and the disc outskirts, respectively. Meanwhile,
Williams et al. (2013) and Carlin et al. (2013) found that
the stars have bulk motions in both the radial and verti-
cal directions in the solar vicinity. Also, Liu et al. (2017b)
demonstrated that the azimuthal velocity also contains dif-
ferent asymmetric components for stars with different ages
within 600 pc around the Sun. Moreover, Tian et al. (2016)
identified asymmetric radial and azimuthal velocities from
R ∼ 8.5 to 14 kpc. These peculiar velocities located across
the radial range of the outer disc may potentially affect the
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Figure 4. The probability distribution function of line-of-sight velocity for blocks 01−16. The upper left number in each panel is the rank
of the block. The corresponding distance range is listed in Table 1. The black solid and the blue dotted curves represent the predictions
from M11b, and B12, respectively. The red points denote the data together with their Poisson error bars. Each block is 10◦ × 10◦. The
longitude and latitude of each block centre is indicated together with distance range.
comparison between the oversimplified torus model and the
observed data. Indeed, Fig. 5 does show that the observed
l.o.s. velocity distributions are slightly asymmetric. How-
ever, the asymmetry in these distributions is mostly less
than 10 km s−1, which should not substantially affect fitting
a model since the velocity dispersion values are much larger
than the asymmetric velocity by a factor of a few (< 10).
To summarise, we have built a model of the Milky
Ways’s outer disc but it shows that a more sophisticated
distribution function is required to model the observed ve-
locity distribution.
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APPENDIX A: THE UNCERTAINTY OF
DISTANCE
The distance uncertainty in Carlin et al. (2015) is prop-
agated from the uncertainties in the effective temper-
ature, surface gravity, and metallicity, which are pro-
vided by the LAMOST pipeline. However, we find that
these uncertainties of the stellar parameters in the LAM-
OST catalogue are significantly overestimated (also see
Scho¨nrich & Aumer (2017)). To obtain a more realistic
assessment of distance uncertainty, we compare the dis-
tance for the K giant stars from Carlin et al. with
that from Astraatmadja & Bailer-Jones (2016) (hereafter
ABJ16), who gave the Bayesian derived distance from the
TGAS parallax (Gaia Collaboration et al. 2016). We ob-
tain about 2000 common K giant stars with ABJ16 dis-
tance smaller than 1 kpc and with relative uncertainty of
ABJ16 distance smaller than 20%. Figure A1 shows the
distribution of the relative deviation of the two distances,
(DLAMOST−DABJ16)/DABJ16. It can be seen that the Carlin
et al. derived distance (DLAMOST) is systematically smaller
by 10%. Meanwhile, the dispersion of the relative devia-
tion, measured with M.A.D. (median absolute deviation),
is 22%, which is a factor of 2 smaller than that claimed by
Carlin et al. (2015).
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure A1. The black line shows the relative deviation between
the distance DLAMOST, which is derived by Carlin et al. (2015)
and DABJ16, which is from ABJ16. The y-axis is the count of
stars.
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